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Introduction: Let C be a nonhyperelliptic smooth curve of genus tt. An 
involution of C is an automorphism Lp : C — >C such that (^^ — id. It induces 
a double cover 7 : C — >C/<y9 = X, where X is a smooth curve of genus g. We 
say that C has an involution of genus g. By Hurwitz formula, we know that 
TT > 2g — 1. It is well know that a general smooth curve of genus tt > 3 has not 
nontrivial automorphisms. In particular a smooth curve with an involution is 
not generic. 

In this paper we give a geometric characterization of the ideal of quadrics 
containing the canonical model of a nonhyperelliptic curve C with an involution. 
Let Ck. C P^~^ be the canonical model of C. We see that an involution of Ck. 
is a harmonic involution; that is, it can be extended to P'^~^. 

An involution Tp of P" has two complementary spaces of base points Si and 
iS'2. Moreover, Ip induces an involution Tp* in the space of quadrics of P". This 
involution has two spaces of base points: the base quadrics, that is, quadrics 
containing the spaces Si and S2 and the harmonic quadrics, that is, quadrics 
such that Si and 5*2 are polar respect to them. A subspace E C P(7?°(C'pn (2))) 
is called a base-harmonic system respect to Si , 5*2 when it is a fixed space of Tp* . 
In this case Eb and E^ will denote the base quadrics and the harmonic quadrics 
of S respectively. 

We prove the following Theorem: 
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Theorem 2.4.5 Let Ck. C P^^^ be the canonical curve of genus vr, with 
TT > 4. // Cjc has an involution of genus g then > 2g ~ 1 and the quadrics 
of P{H'^{Ic^{'2))) are a base-harmonic system respect to the base spaces P^"^, 
p7r-9-i ffiQ^f contains {g — l){Tr — g — 2) independent base quadrics. Conversely, 
these conditions are sufficient to grant the existence of an involution, except 
when: 

1. IT ~ 6, g ~ 2 and Cjc has a g^; or 

2. TT — 2g,2g + 1 or 2g + 2 and Cjc is trigonal. 



First we prove that the conditions are sufRcient when the curve C)c is com- 
plete intersection of quadrics. The Enriqiies-Babbage Theorem says that Cjc is 
the complete intersection of quadrics except when it is trigonal or C is a quin- 
tic smooth curve. In these cases the quadrics containing the canonical curve 
intersect in a rational normal scroll and in the Veronese surface respectively. 

In order to examine the special cases we make an study of the harmonic in- 
volutions of the rational normal scrolls and the Veronese surface. We compute 
the number of base quadrics on each case. From this calculus we obtain the 



Corollaries 2.4.2 and 2.4.3 



Corollary 2.4.2 The unique involutions on a trigonal canonical curve of genus 
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TT, TT > 4 are of genus j, or 



Corollary 2.4.3 The unique involutions on a smooth quintic plane curve are 
of genus 2. ■ 

Furthermore, we make a particular geometrical study of the canonical curves 
of genus 4 with an involution of genus 2 and genus 1. 

Note that to compute the number of independent base quadrics containing 
the canonical curves with and involution we need the result about the projective 
normality of the canonical scrolls (see [||,§5). We will follow the notation of 
and Q to work with scrolls and ruled surfaces. 

We thanks Lawrence Ein by his interest on this work during his visit to our 
Department on November, 2001. 



1 Harmonic involutions. 
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Definition 1.1 Let X C P" be a projective variety. An isomorphism tp : 
X — >X is called an involution if (f^ = Id. Moreover, if ip is the restriction 
of an involution Tp : P" — »-P" then (p is called a harmonic involution. 

Proposition 1.2 Let X C be a linearly normal projective variety. An 
involution ip : X — ^X is harmonic if and only if (p*{X Ci H) ^ X r\H for all 
hyperplane H. 

Proof: If p is harmonic we clearly have that cp* (X D H) ^ X D H. 

Conversely, if (p*{X D H) ^ X Ci H for all hyperplane, then we have an 
involution ip* : H'^{Ox{'i-)) — that makes the following diagram 
commutative: 

X ^ X 

so ip extends to P". ■ 

Examples: 

1. Any involution of a rational curve Dn C P" is harmonic. 

It is sufficient to note that ip*{Dn fl H) has degree n; because £>„ is a 
rational curve, it follows that ip* {Dn fl fl") ~ Dn (1 H. 

2. Any involution of a canonical curve Ck C 'P^~'^ of genus w is harmonic. 

The linear system \p*{Ck. H H)\ has degree 2tt — 2 and it has dimension 
TT, so it is the canonical linear system and p*(Cic H H) ^ C'lc H H. 

3. Any involution of a normal rational scroll C P" with invariant e > 
is harmonic. 

Let Se — P(Cpi ffi Opi (— e)) be the ruled surface associated to Rn-i- We 
know that HDRn-i ~ Xo + bf. Since ip is an isomorphism, </5*(Xo)^ = Xq 
and (p*{f)^ = = 0. But, in with e > 0, Xq is the unique curve with 
negative self-intersection and / is the unique curve with self-intersection 
0. From this ip*iXo) ~ Xq and (p*{f) ~ /. Then: 

ip*{HnRn-i) ip*{Xo + bf) ip*{Xo) + bip*{f) r-. Xo + bf ^ Hn Rn-i 

We recall some basic facts about involutions in a projective space. 
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Proposition 1.3 Any involution "ip o/P" has two complementary spaces 81,82 
C P" of base points. In this way, the image of a point P is the fourth harmonic 
of P, In 81 and I n 82, where I is the unique line passing through P verifying 

in 81 ^9 and I (182^1). 

Conversely, any pair of complementary spaces 81,82 o/P" defines an invol- 
ution o/P". ■ 

Remark 1.4 If we take a base o/P", W = {Pi, . . . , Pk+i,Pl, . . . , -Pfe/+i} where 
(Pi, . . . , Pk+i) = Si and {P[, . . . , -Pfc'_|_i) = 82 then the involution ip is given by 
the matrix: 



Definition 1.5 Under the above assumptions, we say that ip is harmonic respect 
to 81 and 82- Moreover, 81 and 82 are called the base spaces of ip. 

Remark 1.6 The linear isomorphism Tp induces an isomorphism: 



Because Tp is an involution, Tp* is an involution too. Therefore, it has two 
complementary spaces of base points. Taking coordinates respect to the base 
W, a quadric Q C P" has a matrix: 



We see that Tp*{Q) = Q \{ and only if M-^»(^q) = M^MqM^ = XMq for 
some A 7^ 0, if and only if A = i? = or C = 0. In the first case Q is called 
a harmonic quadric and in the second case Q is called a base quadric. The set 
of harmonic quadrics will be denoted by P{H°{Opn{2))h) and the set of base 
quadrics by I'{H°{Opn{2))i,). We have that: 

1. Q is a harmonic quadric if and only if P'*MqP = for each P G 8i,P' £ 
82; that is, if 81 and ^2 are polar respect to Q. 

2. Q is a base quadric if and only if Si, ^2 C Q. 




r : P(i?°(Op.(2)))^P(H0(Op.(2))) 
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Definition 1.7 Let S C P(ff°(Op- (2))) be a projective subspace S = P{V) 
and let Tp : P" — >P" a harmonic involution respect to two spaces Si, 82- ^ is 
called a base-harmonic system respect to Si, S2 when it is a fixed space ofTp*. 



Remark 1.8 If wc denote = SnP(i7°(e'p- (2)),,) and = SnP(f/""(0p" ( 
2))b), we see that S is a base- harmonic system if and only if S = E^, + S(,; that 
is, V has a base composed by harmonic and base quadrics. ■ 



Proposition 1.9 Let X C P" be a projective variety. 

1. If X has a harm,onic involution ip respect to two spaces 81,82 then the 
system P(iJ*-'(/j)s:(2))) is base-harmonic system respect to 81,82- 

2. Suppose that X is the complete intersection of quadrics. IfF{H'^{Ix{2))) 
is a base-harmonic system respect to 81,82, then X has a harmonic invo- 
lution respect to two spaces 81,82. 

Proof: 

1. Let Q G P(i/'^(/x(2))), that is, X is contained on Q. It is sufficient to 
show that '(p*{Q) contains X. Since ^(X) = X and X c Q, X = '(p{X) c 
^(Q) and the conclusion follows. 

2. Let : P" — >P" the harmonic involution defined by the spaces 81,82. 
If X is the complete intersection of quadrics, then X = Qi H . . . Qk 
where {Qi,..., Qk} is a base of P(7?0(/x(2))). If P{H°{Ix{2))) is a base- 
harmonic system respect to 81,82 we can choose a base of fixed quadrics, 
so 

p{x) = ip{Qi n...n Qk)^ <p{Qi) n . . . n ip{Qk) = Qiri...nQk=x 

and we can restrict ^ to X. ■ 



Proposition 1.10 Let X C P" be a projective variety and let tp : X — >X a 
harmonic involution of X respect to spaces 81,82- 



LetF = {P G P"/P e {x,tp{x)),x G X} be the variety of lines joining points 
of X related by the involution. Then: 

h^{Ix,pn{2))t, =h°{lF,pr.{2))u = 

= /iO(7p,p.(2)) - /i0(7^nsi,si(2)) - /i°(/pn&,&(2)) 
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Proof: Let us first prove that H°{Ix.P"{2))b = i?°(/_F,p" (2))b. 

Since X C F, a. quadric containing F contains X too, so H^{If P"(2))b C 
ff"(/x,P"(2))b. 

Conversely, if Q £ i?"(/x,P" (2))6, X, 81,82 C Q. Therefore, each hne I of 
F meets Q in four points: (x, ^{x), ICi 8i,lr\ 82) and then it is contained on Q. 
Thus, F C g and ilO(/x,P" (2))^ C i?0(/p,p. (2))^. 

Now, let us consider the following exact sequence: 

0^iJ°(/pus„P"(2))^i/^/KP.(2)) ^ i/"(/pnS,,s,(2)) 

Let us see that a is a surjective map. Let Qi C 6*1 be a quadric which contains 
-F n 5*1. Taking the cone of Qi over 82, we obtain a quadric of P" that contains 
the lines joining Qi and ^2 so it contains F . From this, we deduce that: 

/i°(Wi,P"(2)) = h\lF,Pr.{2)) - h°{lFnSusA2)) 
Similarly, we have 

0^if"(/puSiu5.,P"(2))^ff°(/puSi,P'^(2)) ^ ff°(/pn5„s.(2)) 

where i?"(/FuSiuS2,P" (2)) = F[^{lF,P'^{'2))b and /3 is a surjective map. There- 
fore: 

/iO(/p.p.(2))b = /i°(/puSi.P"(2)) - /i°(/pns„S.(2)) = 

= /i"(/p,p.(2)) - /i"(/pnSi,Si(2)) - h"ilFns,,s,m 



We finish this section by computing the dimension of the spaces of harmonic 
and base quadrics in an involution over a normal rational curve. 

Let Dn C P" be a rational normal curve of degree n and let ip : Dn — >Dn 
an involution of degree 2. The lines joining points related by the involution 
generate a rational normal ruled surface Rn-i C P". This ruled surface has 
two directrix curves Ci , C'2 on the base spaces 5*1 , 82 of the involution. 

We now (§, IV, 2.17 and 2.19) that R^-i = P(Opi © Opi(-e)) for some 
e > 0. In this way the divisor of hyperplane sections of Rn-i is iJ ~ Xq + 
{n — 1 + e)/2/. Moreover the curve I?„ corresponds to a 2-secant curve on the 
surface, so Z?„ ^ 2Xo + kf. Since deg{Dn) = Dn-H = n, we obtain k = e + 1. 
Because Dn is irreducible, Dn.Xo > and we obtain e < 1. We deduce that 
e = if n is odd and e = 1 if n is even. 

In this way we see that if n is odd, the directrix curves Ci, C2 have degree 
(n — l)/2 and if n is even, the directrix curves have degree {n — 2)/2 and n/2. 



By applying Proposition 1.10 we have that 



h'ilDM))t = (2)) - /i°(/c.(2)) - h"ilc.m 
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The dimension of theses spaces are well known. Thus, we obtain: 

r if 71 is odd 

h°{lDAm={ 

— - II n IS even 

Note that when n is odd, £>„ ~ 2Xo + /, so Dn-Xo = 1 with Ci, C2 ~ ^o- 
Thus, the base points of the involution of Dn are D„ n Ci and Dn H C2. When 
n is even, _D„ ~ 2Xo + 2/, so -Dn.Xo = and £'„.(Xo + /) = 2 where Ci ^ 
and C2 ~ + /. In this case the base points of the involutions of £>„ are the 
two points of Dn n C2 . ■ 



2 Involutions of the canonical curve. 

Let C/c be the canonical curve of genus tt and let (f : C/c — >Cic be an involution. 
We saw that it is a harmonic involution. We will use the results obtained in 
The scroll generated by the involution is a canonical scroll R^. We call 
genus of the involution ip to the genus of the ruled surface R^. Thus we have a 

2 : l-morphism 7 : C/c — *X. R^ has a canonical directrix curve Xq of genus g, 
and a nonspecial curve Xi with degree tt — 1. They lie on disjoint spaces Pf~^ 
and P'^^9~i^ xhe involution of Cjc has 2(7r — 1 — 2{g — 1)) base points that are 
the ramifications of 7. We denote them by B and we know that B ^ Ck: H Xi. 

Let us compute the number of base quadrics containing Cjc, that is, the 



dimension of H'^{Ic^{2))i,. By Proposition 1.10 we know that: 



/i°(/cj2)), = h'iln^ (2)) - h'{I-^^_,{2)) - h'{I-^_^_,{2)) 

We can compute this dimension because we know that (see [^): 

/iO(/^^(2)) = /iO(C'p.-i(2)) - h"iOs^i2H)) + dim{siH, H)) 

h°{I-^{2)) = /iO(C'p.,-i (2)) - h^'(Ox{2IC)) + dim{s{IC, /C)) 
h°{Ij^{2)) = (2)) - h°{Oxi2b)) + dim{s{b, b)) 

difn{s{H, Hj) = dim{s{IC, K.)) + dim{s{b, b)) 
From this, we obtain: 

h%IcA'2))b = h%Op.-i{2))t - h%Ox{b + IC)) 
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Thus the number of base quadrics containing Cjc is: 

/iO(Cyc(2))b = (.g-l)(7r-.g-2) 



Theorem 2.1 Let Cjc C V"^^ be a nonhyperelliptic canonical curve of genus 
TT that it is complete intersection of quadrics. Cjc has an involution of degree 2 
if and only ifP{H'^{Icic{'2))) is harmonic respect to two disjoint complementary 
subspaces of dimensions k and tt — k — 2, with k < tt — fc — 1. Moreover the 
involution has genus g = k + 1 if and only if h'^{Ic^{'2))b ~ (g — l)(7r ^ 5 ~ 2). 



Proof: The first assertion follows from Proposition 1.9 



By the above discussion we know the number of base quadrics h'^^Icf^ (2))b = 
(<;' — 1) (tt — 5' — 2) where g' is the genus of the involution. This genus is fc + 1 or 
TT — fc — 1. Suppose that {g' — l)(7r — g' — 2) = {g — 1){tt ~ g ~ 2) with g — k + 1. 
lig' — TT — k — 1 = ^ — g then we obtain tt — 2g so the genus g' of the involution 
is fc + 1. ■ 



Remark 2.2 It is well known that a nonhyperelliptic canonical curve of genus 
TT > 5 is the complete intersection of quadrics, except when it is trigonal or 
when TT — 6 and it has a g|. In the first case the intersection of the quadrics of 
P(iJ°(/cK (2))) is a rational normal scroll; in the second case it is the Veronese 
surface of P^. ■ 



2.1 Involutions of the canonical curve of genus tt = 4. 

Let Cjc C P'^ be a canonical curve of genus 4. It is well known that this curve is 
the complete intersection of a quadric and a cubic surface (see , IV, Example 
5.2.2). Suppose that Cfc has an involution Ck: — >X where X is a smooth curve 
of genus g. We have that tt — 1 > 2(7 — 2, so then genus of X can be 1 or 2 (if 
g = the curve C/c is hyperelliptic). 

Proposition 2.1.1 A canonical curve of genus 4 has an elliptic involution if 
and only if it is the complete intersection of an elliptic cubic cone S and a 
quadric that doesn't pass through the vertex of S. 

Proof: Suppose that C/c has an elliptic involution. We know that the involution 
generates a scroll R. In this case the directrix curve Xq has degree g — 1 — 0, so 
it is a point. Then R is an elliptic cone. If Q is the unique quadric that contains 
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Ck, then necessary Ck. = Q H R. Moreover, we know that Cic ri Xq = 0, so 
Q does not pass through the vertex of R. Conversely, if Ck. = Q f\R and Q 
does not pass through the vertex of R, the generators of S provide an eUiptic 
involution of Cjc- ■ 

Theorem 2.1.2 A canonical curve of genus 4 has an involution of genus 2 if 
and only if it is the complete intersection of a quadric and a cubic surface which 
has a harmonic involution respect to polar lines respect to the quadric. 

Proof: 



1. Suppose that Cjc = Q2 H Q3 where Q2 is a quadric and Q3 is a cubic 
surface with a harmonic involution (p : Q3 — ^Qa- Let I and /' the base 
spaces. Suppose that they are polar respect to Q2- Prom this, <^(Q2) = Q2 
so Cic has a harmonic involution. Because the base spaces have dimension 

1, the involution has genus 2. 

2. Suppose that C/c has a harmonic involution (p of genus 2. From this, the 
base spaces are two lines I and I'. Let i? C the ruled surface generated 
by the involution. We know that R contains I and I' with multiplicities 
3 and 2 respectively. Moreover, fl C/c = and I fl C/c consist of two 
points. We know that P(i?°(7c;c(2))) = {Q2} and dirnP{H°{Ic^{S))) = 
4. In this way Cic = Q2 H Qs for any cubic surface G P(i/"(/c;c (3)))- 
Consider the involution Ip : P{H°{Ic^{S))) — >P{H°{IcA^))) induced by 
<p. Let us see that there is a fixed irreducible element. Let V be the set of 
reducible elements of P(_ff"(/c^ (3))). Because Q2 is the unique quadric 
containing Cfc then V = {Q2 + H;H C P^} and dim{V) = 3. Since the 
base points of ^ generate P{H^{Icic{S))), then there exist at least a fixed 
irreducible element. ■ 



2.2 Involutions of the Veronese surface. 

Let V2,n be the Veronese map of P": 

V2,n:'P"* V2,nCP{H°{OpA2))) 

[a:o : . . . : a:„] — > [x^ : xqXi : . . . : xl] 

We will denote the image of this map by V2,n- If n = 2, it is the Veronese 
surface and we will denote it by V2 . 

Proposition 2.2.1 The involutions of the Veronese variety V2,n are harmonic 
respect to two base spaces which are the harmonic and base quadrics of two 
subspaces Si , ^2 of P" . 
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Proof: A harmonic involution f : P" — >P" respect to spaces 81,82 induces 
a harmonic involution Tp in P(iJ°(Opn(2))) respect to P{H'^{Opn{2))h) and 

P(ifO(Opn(2)),). 

Because Tpov2,n = V2,nO''P, we see that Tp restricts to V2,n- In this way we have 
a harmonic involution If : V2 n — « respect to the spaces P{H°{Op^{2))h) 
andP(/fO(Op»(2))(,). 

Conversely, given an involution rj of V2- Applying the isomorphism W2,n, we 
obtain an involution (p* of P"* with base spaces Si*, 52*. In this way, the dual 
map (p = ip** provides an involution Tp of V{H^{Op^ (2))) such that ^|y2,„ = V- 
■ 

We will denote the Veronese surface by ¥2- 

Corollciry 2.2.2 Any nontrivial involution of the Veronese surface V2 is har- 
monic respect to a line which corresponds to the conies of P^ passing through a 
point P and a line r, and a 3 -dimensional space V corresponding to the polar 
conies ofP^ respect to P and r. 

Proof: It is sufficient to note that an involution 77 of V2 is induced by and 
involution ip oi P'^. li ip is nontrivial, then its base spaces are a point P and a 
line r. ■ 

Proposition 2.2.3 Let rj he a nontrivial harmonic involution of the Veronese 
surface. Then h°{OvA'^))b = '2'- 

Proof: Consider the Veronese map of P^: 

V2:P^* V2CP{H\Op^{2))) 
[xq : xi : X2] — > [xl : xqXx : . . . : xl] = [yo : yx \ . . . \ y^] 

Let Y be the matrix: 

2/0 2/1 2/2 \ 

2/1 2/3 2/4 
2/2 2/4 2/5 / 

We know that iJ°(C'v'2 (2)) is generated by the quadrics of P^ whose equations 
are defined by the minors of order 2 of the matrix Y . 

Moreover the base spaces of ip are a line I corresponding to the conies of 
P^ passing through a line r and a point P and a space V corresponding to the 
polar conies respect to P and r. 

Taking an adequate system of coordinates we can consider P generated by 
the equations {x\ = a;2 = 0} and r generated by the equation xq = 0. 
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A conic containing P and r has an equation axoxi + 6x0X2 = 0. Then the 
equations of I are {yo = 2/3 = 2/4 = 2/5 = 0}. 

A polar conic respect to P and r has an equation axQ+bxi+cxiX2 + dx'2 = 0. 
Then the equations of V are {yi = 2/2 = 0}. 

Applying the conditions to contain V and I to the equations of H^{Ov2 (2))) 
we obtain that the quadrics containing V and I are generated by {2/12/4 — 2/22/3 = 
2/12/5 - 2/22/4 = 0}. Prom this, hP{Ov2 (2))fe = 2. ■ 



2.3 Harmonic involutions of the rational ruled surfaces. 

Let Rn-i C P" a rational normal ruled surface of degree n — 1, with n > 3. Let 
: Rn-i — *Rn-i a harmonic involution of the surface. Then ip conserves the 
degree of the curves. From this, it applies generators into generators if n > 3. 
In this way, we have the following induced harmonic involutions: 

<^o:pi pi 

P ^ Q /^{Pf) = Qf 

where parameterizes the generators. 

: lAI \Di\ 
D ^{D) 

where \Di\ is the linear system of curves of degree I. 

Let k be the degree of the curve of minimum degree of Rn-i- 

1. If = then there is a 1-dimensional family of irreducible curves of 
degree k. The involution has at least 2 base points, so there are two 
disjoint curves Dk that are invariant by if. 

2. If fc < ^^^-j^, then there is a unique curve of minimum degree, so it is 
invariant by ip. Moreover, if / = n — 1 — fc the linear system \Di\ has 
dimension I — fc. Its generic curve is an irreducible curve disjoint from 
Dk- In particular, the set of reducible curves of \Di\ are an hypcrplane 
composed by curves of the form Df. + J2fi- Thus, we have a harmonic 
involution: 

^i:pl-k^\Di\ |A|=P'-'= 

We know that ipi has two disjoint spaces of base points. Both of them 
can not be contained on the hyperplane (because they generate P""*^), 
so necessary there exists an irreducible curve in \Di\ that is fixed by the 
involution (fii; that is, it is invariant by (fi. 
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We conclude the following proposition: 

Proposition 2.3.1 Given a harmonic involution on a rational normal ruled 
surface of degree n — 1, there exist two disjoint rational normal curves Dh,Di 
with degrees k and I, k + 1 = n — 1, that are invariant by the involution. 

Let -Dfc C P*^ and Di C P' be the two invariant curves. The involution (p 
restricts to these spaces. Thus, wc have a harmonic involution ipi- : P*^ — ^P'^. It 
has two invariant spaces P''^ , P*^^ with fci + fc2 + 1 = fc. Similarly, the harmonic 
involution ipi : P' — >P' has two invariant spaces P'^ P'^ with li + I2 + I = L 
Prom this, we have two possibilities for the base spaces 81,82 of the involution 
V- 

Si = (P'^i,P'i) = p'^i+'i+i Si = (P'^i,P'^) = p'^i+'^+i 

^2 = (P'^2^pi2^ _ pfc2+i2 + l S2 = (P'^^,P'l) = P'^S+il + l 

Conversely if we have two harmonic involutions in P*^ and P' we can re- 
cuperate an involution in P". Note that this involution is not unique, be- 
cause we have two ways to define it. Moreover, in order to restrict the in- 
volution to the ruled surface q : Rn-i — >P^ we need that the involutions 
in P'^ and P' restrict to Dk and Di and that they are compatible, that is, 
the images of the points on the same generator lay on the same generator: 

qiMDk n P/)) = qiMDi n p/)),vp e P^. 

Thus, if (pk and ipi verify these conditions we have a harmonic involution 97 
that restricts to Rn-i- 

Proposition 2.3.2 A harmonic involution on a normal rational ruled surface 
Rn-i defines two harmonic involutions ipk, pi on two disjoint rational curves 
Dk, Di that generate the surface. Moreover, they make commutative the diagram 
(!)• 

Conversely, if two harmonic involutions (pk, 'Pi on two rational curves gen- 
erating a rational ruled surface Rn-i verifying q{ipk{Dk fl P/)) = q{ipi{Di fl 
Pf)),yP G P^. , then they define two possible harmonic involutions on Rn-i, 
taking the space bases generate by the space bases of pk md pi . 

Remark 2.3 In order to obtain compatible involutions Lpk, fi it is sufficient to 
define a involution ry on P^ and to translate it to Dk and Df. 

PkiDkHPf) ■.= DknrjiP)f 
PiiDinPf) ■.= Dinr,{P)f 

for all P e Pi. 

Moreover, if ipk and ipi are compatible involutions and one of them is the 
identity, then the other one is the identity too. ■ 
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We saw how are the (nontrivial) harmonic involutions on a normal rational 
curve D^CP": 

1. If TO = 2/x the involution is defined by two base spaces P'^, P'^"^ such 
that P'* n = P U Q and P''-^ nDm = <l> {P,Q base points). 

2. If TO = 2/x + 1 then involution is defined by two base spaces P^*, P2 such 
that PJ* n = P and P^riDm = Q (P, Q base points). 

In both cases the involution generates a normal rational ruled surface Rm-i 
of degree to — 1, whose directrix curves lay on the space bases. We call them 

base curves. 

Thus, let (/9 be a harmonic involution on Rn-i- Let (pk, fi he the harmonic 
involutions induced on the directrix curves Dk, Di. Let P'"'^, P'"'^, P'^, P'^ 
be the base spaces of (pk and ipi. We know that the base spaces of y are 
Si = (P'^SP'i), ^2 = (P'==,P'=). Let Ck,, Ck„ Ci„ Ci, the corresponding 
base curves. Let F be the variety of lines that join the points of the involution: 
F = {P e P"/P e {x,f{x)),x e R„-i}. Let us identificate P n 5i and P n ^2. 

Lemma 2.3.3 The variety F Ci Si (P n ^2) is a normal rational ruled surface 
of degree ki +h = m {k2 + I2 = ^12) generated by the directrix curves Cki and 
Ci^ (Ck2 and Ci^). We call it base ruled surface Rm-i (Rn^^-i)- 

Proof: Given a point P £ Rn-i, consider the line r = (P, /(P)) of P. r meets 
in a point Pi that corresponds to project P from S2 onto ^i. Thus, given a 
generator / £ Rn-i, the lines of P defined by the points of / meet Si in a line 
/i; this line is the projection of / from Sb- Moreover, since / meets Dk and Di, 
its projection on Si meets Cki and Ci^ . In this way we see that the generator 
of Rn-i project into lines joining Ck^ and C;^, so P fl is the rational ruled 
surface defined by these directrix curves. ■ 

We saw that a harmonic involution on a normal rational ruled surface is 
defined by the involutions of the directrix curves Dk and P>;. Prom this, we 
distinguish several types of involutions: 

1. ipk and ipi are the identity. 

Then the base spaces of (fi are the spaces P'^ and P' that contain the 
directrix curves. All the generators are invariants by (p and the variety P 

is the ruled surface Rn-i- 

2. ifik and (pi are not trivial. 
2.1. n - 1 = 2A (even). 
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2.1.1. k^2fi,l^ 2(A - fi). 

Then the involutions on Dk and Di have the foUowing base spaces 
and base curves: 

e P^, C^-i G P^-\ with Pfc, Qfc e base points of D^. 
Ca-,, e P^-^, Ca_,,_i e pA-P-i, with Pi,Qz e base 
points of Di . 

Then, the base spaces of (p are: 

2.1.1.1 Case A: 

52 = (pM-l^pA-M-1) ^ pA-1^ 

Where the generators fp, fg G P^+i are fixed. 

2.1.1.2 Case B: 

S2 = (P'^-^P^-A') =P^ 3 Pi,Qi. 

Where the generators /p, fq are invariant (not fixed). 

2.1.2. fc = 2/i + 1, ; = 2(A - ^) - 1. 

Then the involutions on and Di have the following base spaces 
and base curves: 

Pk e e P'', Qfc e G P^, with Pk,Qk base points of Dk- 
Pi e Ca-p e P^-^, Qi e Ca-^ G P^-'^, with P;,Qi base points 
of Di. 

Then, the base spaces of Lp are: 

2.1.2.1 Case C: 

52 = ^pM,pA-p-l^^pA3Q^^Q^^ 

Where the generators fp e P"^, /g e 5*2 are fixed. 

2.1.2.2 Case B: (similar to case p.l.l.2| ). 

51 = (P^ P^-A^-i) = P^^^^ Qi. 

52 = (P^P^-''-')=P^^^^,Qfc. 

Where the generators fp,fQ are invariant (not fixed). 

2.2. n - 1 = 2A - 1 even. 

Then the curves Dk and Di have degrees fc = 2/i and I — 2(A — /i) — 1. 
The base spaces and base curves are: 

Cf, G P'', C,,_i G P''-\ with Pk, Qk G C^, base points of D^. 

Pi G Ca-^-1 G P^-'^-i, Q, e Ca-^-1 G P^-z'-i, with Pi,Qi base 

points of Di. 

In any case, the base spaces of ip are: 
2.2.1. Case D: 

51 = (pA'^pA-p-l) =pA 3 p^^Q^^p^, 

52 = (PA'^pA-p-l) =pA 3 

Where fp is a fixed generator and /g are an invariant generator. 
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Let Lp : Rn-i — >Rn-i a harmonic involution over the rational normal ruled 
surface i?„-i C P". By the proposition [Tj| we know that H^{Ir^_^{2)) is a 
base-harmonic system; that is, H°{Ir^^^{2)) = H°{lR^^_^{2))h®H^{lR,,_A'2))b- 
Let us see the dimension of these spaces. We know that h'^{lR^_^{2)) — ("2^)- 
We will treat each case separated: 



1. All generators are invariant by the involution. 



We use the proposition I.IC. In this case F = F n P° = and 



FnF'' ^ D,. Thus, 



h^lR^^.mt = h%lR_A^)) ~ h^IoM) ' h'ilD:{2)) = kl 

and 

h''{lR,^_A2))H = /i"(/i^„_,(2)) - /i°(/fl,„_,(2))fc = ("^i) - kl 

2. The generic generator is not invariant by the involution. 

We use the proposition LIO . But in this case, F n Si = Rm-i and 
F n 52 = i?„2- Then we have: 

h^{lR,^_A'^)), - h^{lF{2)) - (2)) - h\lR^^_,{2)) (2) 

A quadric containing Rn-i U Rm-i meets each line of F in three points. 
Then such quadric contains F, soi?°(/F(2)) = i?"(/j?„_iufl„i_i (2)). Con- 
sider the exact sequence: 

0^i/°(/«„_,u«„,_. (2))— >i7"(/«„_, (2)) ^ H"{Or^^_, (2 - Y)) 

where Y = i?„_i n Rm-i- Then: 

/»°(/f(2)) >/i°(/fi„_,(2))-;i°(Ofl„^_,(2-i?„_ini?„,_i)) 

and applying (2) we obtain in each case: 

A. (n - 1 = 2A, Si = P^-\S2 = P^+\fQ, fp fixed generators.) 

/i°(/fl„_,(2))b>A(A-l) 

B. (n — 1 = 2A, 5*1 — Pi,S'2 = P2)/Q'/p invariant (not fixed) gener- 
ators, with fp n P,^ = P,, /q n i^^ = Q,.) 

/iO(/fl„_,(2))b>A(A-l) 

C. (n - 1 = 2A, 5i = Pi, 5*2 = P2,/q,/p fixed generators, with fp G 

/q e P^) 

h''{lR^_,{2))b > A(A-1) + 1 
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D. (n - 1 = 2A - 1, 5i = P^-\ ^2 = P^, /q fixed generator in P^, and 
fq invariant generator, with /q fl P^-^ = Q^.) 

/i°(/fl„_i(2))6>(A-l)2 
Now, let us compute the harmonic quadrics. 

Let Ek the set of fc + 1 generic points in Dk and Ei the set of ? + 1 generic 
points on Di. Note that a harmonic quadric that passes through a point of 
Rn-i passes through the image point too. Prom this, a quadric passing through 
Ek{Ei) meets Dk{Di) in 2k + 2(21 + 2) points because Dk{Di) is invariant by the 
involution. Moreover, a harmonic quadric that contains D]^ and Di, contains 
the invariant (not fixed) generators too, because they meet each space base in 
a point. 

Finally, a harmonic quadric containing Dk and Di and passing through m 
generic points of contains their images (2m points) and the corresponding 
2m generators. Let be m generic points of Rn-i and let E be EkUEiUEm- 

If Q is a harmonic quadric passing through the points of E, then DkUDiU 

{invariant generators} U 2m/ C Q Ci Rn-i- If 2m > 2{n — 1) — (fc + Z)— number 
of invariant generators, then Rn-i C Q and we have the exact sequence: 

0^ir°(/fl„_, (2))^^£r0(/p„-x {2))^^H\Oe{2)) 

From this: 

h'>{lR^_,{2))h > /i°(Op.-i(2))ft -^n+l + m) 
In each case we obtain: 

A. There are not invariant generators. Taking m = A + 1 we have: 

ft°(/^„_,(2)),>(Y) + ('f)-(3A + 3) 

B. There are two invariant generators. Taking m = A we have: 

(2)). >(^r) + (^f)-(3A + 2) 

C. There are not invariant generators. Taking m = A + 1 we have: 

/^VH„_.(2)).>m+or)-(3A+3) 

D. There is an invariant generator. Taking m = A we have: 
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We see that the sum of the bounds computed for the harmonic and base 
quadrics is the quadrics of i?°(7ij„_i (2)) in all cases, so these bounds are reached 
in all cases, and we have the number of base quadrics: 



Proposition 2.3.4 Let Rn-i C P" be a rational normal scroll of degree n—1. 
Let ip : Rn-i — ^Rn-i be a harmonic involution. Then we have the following 
cases: 

1. All the generators are invariant. There are two directrix curves of base 
point Dfc, Di with k + 1 = n — 1. They lay on the base spaces P'^, P'. 

h\lR^_,{2)), = kl 

2. There are two invariant (fixed or not): 

(1) n — l = 2\ (n even). 

A. The base spaces are P'^~^,P^+^. There are two fixed generators 
in P^+^ . 

/iO(/^„_,(2)), = A(A-l) 

B. The base spaces are P'**,P'**. There is a fixed generator in each 
of them. 

/i°(J^„_,(2))6 = A(A-l) + l 

C. The base spaces are P'**,P'**. There are not fixed generators. 

h\lR^_,{2))k = \{\-l) 

(2) n-l = 2X-l (n odd). 

D. The base spaces are P'^~^,P'^. There is a fixed generator in P^. 

h^iR„_d'2))b = {x-ir 



2.4 Involutions of the canonical curve of genus tt > 4. 

We have investigated all the possible cases where the quadrics that contain a 
canonical curve are a base-harmonic system: 
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Theorem 2.4.1 The unique cases where the system of quadrics containing a 
canonical curve Cjc of genus it, -k > A are a base-harmonic system respect to 
base spaces P^^^, p^r-g-i (V > 2(; — 1 > with b independent base quadrics 
are: 

1. 6= (.g-l)(7r-.g-2) 

(a) If TT = 2(7, 2g + l,2g + 2 and the curve has a g^ or an involution of 
genus g, or both of them; except if t: — 6 and g ^ 2 when Cjc can 
have a g^ . 

(b) If TT ^ 2g, 2g + 1, 2g + 2 and the curve Cjc has a 72 of genus g. 

2. b — (g — l)(7r — g — 2) + 1, tt — 2g ~ Ir or n — 2g and C/c has a gl (not a 

3. b — {g — 1)(tt — g — 1) and C/c has a g^ (not a ^\). 



Corollary 2.4.2 The unique involutions on a trigonal canonical curve of genus 
TT, vr > 4 are of genus ^, or ^3^- 

Proof: Let Ck C P" be a trigonal canonical curve and let i?Tr-2 be the ruled 
surface of trisecants. Suppose that Ck. has an involution of genus g. Then the 
system of quadrics 'P{H'^{Ic^{2))) is a base-harmonic system with {g — l)(7r — 
g — 2) independent base quadrics. Since = HgDC/c have a harmonic 



involution over i?7r_2- By Proposition 2.3.4 we know that tt = 2g^ tt = 2g + 1 
or vr = 2g + 2 and the conclusion follows. ■ 

Corollary 2.4.3 The unique involutions on a smooth quintic plane curve are 
of genus 2. ■ 

Theorem 2.4.4 Let Cfc C P'^^^ a canonical curve of genus P, tt > 4. Then 
Cjc has an involution of genus 1 if and only if the quadrics of 'P{H'^{Ic^(2))) 
are a base-harmonic system respect to a point and a space P^^^ ^nfig^i base 
quadrics. 

Proof: If Cic has an involution of genus 1 , we know that the involution generates 
an elliptic cone, the system of quadrics P(_ff°(/c^ (2))) is harmonic and it hasn't 
base quadrics respect to P" and P'^^^. 

Conversely, if the system of quadrics 'P{H^{Ic^{2))) is harmonic respect to 
P° and P'^"^, necessary it hasn't base quadrics, because the quadric containing 
Cfc are reducible. If Ck. is not trigonal we have an involution of genus 1 in C)c. 



If Ck is trigonal, by Corollary 2.4.2 , tt = 2,3,4. But we have supposed that 
TT > 4. ■ 
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Theorem 2.4.5 Let C/c C P''"^ be the canonical curve of genus it, with tt > 
4. // Ck has an involution of genus g then it > 2g — 1 and the quadrics of 
P(if'^(/cK; (2))) CLfs a base-harmonic system respect to the base spaces P^""'^, 
pTT-s-i ffii^f contains {g — 1){tt — g — 2) independent base quadrics. Conversely, 
these conditions are sufficient to grant the existence of an involution, except 
when: 

1. IT = 6, g = 2 and Cic has a g^; or 

2. IT = 2g,2g +1 or 2g + 2 and C/c is trigonal. 



Remark 2.4 Let us study what happens at the two exceptions: 

1. Suppose that C/c is a canonical curve of genus 6 with a g"^, that is, it is 
isomorphic to a smooth plane curve of degree 5. Suppose that the quadrics 
of P(iJ°(/c^ (2))) arc a basc-harmonic system respect to the base spaces 
P^ and P"^. It induces a harmonic involution on the Veronese surface and 
then, an involution on the plane. Obviously, the generic plane curve of 
degree 5 of the plane is not invariant by this involution. So in this case 
the hypothesis of the above theorem are not sufhcient. 

However, there are smooth quintic plane curves invariant by an involution. 

For example, we can take the quintic curve f{xQ,xi) — a;|xo = on the 
plane, where f{xo,Xi) is a generic homogeneous polynomial of degree 5. 
This curve is smooth an it's invariant by the involution 

Xo — >xa; xi — >xi; x^ — > - x^ 

2. Now, suppose that Ck: is trigonal. Then it lies on a rational ruled surface 
5e = P(Cpi ® Opi (— e)) in the linear systems |3Xo + a/|. The canonical 
embedding is obtained by the linear system + (a — e — 2)/ on the ruled 

surface. 

If P(ff°(/c;c(2))) is a base-harmonic system then it defines a harmonic 
involution on the ruled surface S^. Moreover, we have an induced invo- 
lution in the linear system |3Xo + a/|. The generic curve of this linear 
system is not invariant by the involution. We see that the hypothesis of 
the theorem are not sufficient. 

On the other hand, there are smooth curves on these linear systems in- 
variant by the involution. Let us see an example. Consider the rational 
ruled surface = x P^ with coordinates [(a;o, (yo) yi)]- We can 
take the curve on with equation: 

^Ivl - XoVoyl + x^yl + x^ylyi = 
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with n > 5 even. This is a smooth curve of type (3, n) on the Unear system 
SXq + nf . Moreover it is invariant by the involution 

Xo — >xo; xi — > ~ xi; 
2/0 — *2/o; 2/1 — >-2/i 
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